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[10pts] 1. Consider C*°(R), the vector space of all functions f: R — R having derivatives of arbitrary order.
Recall that C*°(R) is a vector space under the usual addition and scalar multiplication of functions.

Let W= {f e C®R) : f'(z)=2z-f(z)} C C°(R).

2

For instance, e** € W since (by the chain rule) if f(z) = *”,

2

fl(z) = (%) - e® =2z e =2z - f(x).
On the other hand, sin(z) € W since if f(x) = sin(z),
f/(z) = cos(x) # 2x - sin(x) = 2z - f(z).
Determine, with proof, whether or not W is a subspace of C*°(R).

Solution. We check the conditions to be a subspace.
(i) Q: Is the zero vector of C*°(R) in W?
A: Yes. The zero vector 0 of C*°(R) is the constant zero function f(x) = 0 for all x € R. For this
f, we have f'(z) =0 and 2zf(z) =0 for all z € R, so f/'(x) = 2z f(z). Thus 0 € W.
(ii)) Q: If f1, fo e W,is f1 + fo € W?

A: Yes. Since f; € W, we know that f{(z) = 2zfi(x). Similarly, since fo € W, we know that
f3(x) = 2z fo(x). Thus

(f1+ f2) () = fi(@) + fay(x) = 2z f1(x) + 22 fo(x) = 22(f1(2) + fa(x)) = 22(f1 + fo)(2),
which shows that f; + fo € W.

(iii) Q: faeRand f € W, is af € W?
A: Yes. Since f € W, we know that f/(z) = 2z f(x). Then
(af) () = af'(2) = a(22f(2)) = 22(af(z)) = 22(af)(z)
and so af € W.

Since W passes all three tests, W is a subspace of C*°(R).
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2.
[6 pts] (a) Use row operations to put the matrix below into Row Reduced Echelon Form (RREF).
1 3 71
2 -1 =79
1 2 4 2

Solution. The RREF of the matrix is

A possible sequence of row operations for putting the matrix into RREF is

1 3 71 O 3 71 O 3 71
2 1 -7 9 R2—-2R1—R2 R3—R1—R3 (=1/7)R2—R2
——5 0 -7 2 7| 0 -7 21 7|
1 2 42 12 42 0 -1 -3 1
O 3 7 1 O 3 7 1 O o -2 4
R3+R2—R3 R1-3R2—RI1
o @O 3 1|0 O3 2|0 (1O 3 -1
0 -1 -3 1 0 0 0 0 0 0 0 0

@ 3 —1 R3 — 2 R1 — R3 0 @ 3 1 R2 + R1 — R2
—1 -7 9 2 -1 -7 9 | "ANANANNS

0
P
O 2 414 2 O o -2 4

0 @ 3 =1 | ro_2omr3mre | 0 @ 3 =1 | peorder @ 0 -2 4
2 0o -4 8 0 0 0 0 |~~rv| o @ 3 1
® 0o 2 4 O o0 -2 4 0 0 0 0
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(b) Parametrize all the solutions to the system of linear equations below. Write your answer in vector
form. [NOTE : Part (a) is relevant.]

z + 3y + 7z =1
2 — y — Tz =
r 4+ 2y + 4z = 2

Solution. The augmented matrix corresponding to the system is

[N I

3
-1 —
2

NN

1
9
2

which is exactly the matrix from part (a). Writing down the RREF obtained in part (a) with the corre-
sponding variables, we get

x y z

O o -2| 4
o (1 3|1
o 0 0] o0

The dependent variables are x and y; there is one free variable, z. Setting z = t, we get the equations

r—22=4 or r=2z4+4=2t+14
y+3z=—-1 or y=-3z2—1=-3t—-1

In vector form this is

T 2t+4 4 2
yl=1-3%-1|=| -1 ]+t| =3
z t 0 1

(c¢) Find aq, g, a3 € R so that (1,9,2) = a1(1,2,1) + a2(3,—1,2) + a3(7,—7,4).

Solution. The scalars aq, aa, ag solve the vector equation (1,9,2) = a;(1,2,1)+ (3, —1,2)+a3(7,—7,4)
precisely when, after renaming them as a3 = z, ag = y, and ag = z, they solve the system of linear
equations in part (b). For example, setting the free parameter ¢ to zero in the parametrized solution
obtained in part (b), we get

aq
(6 %) = —1
asg 0

ie., a1 =4, as = —1, and ag = 0.
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3. Suppose that L: R? — R? is a linear transformation, and we know that L(5,2) = (3,2, —4) and that
L(2,1) = (1,2,-1).

(a) Find the standard matrix for L.

Solution. The standard matrix of L has column vectors L(1,0) and L(0,1). We can obtain these vectors
by writing up (1,0) and (0,1) as linear combinations of (5,2) and (2, 1) and using the linearity of L.

Finding the linear combinations: We have to find o, as, 81, 82 € R such that

a1(5,2) + az(2,1) = (1,0) and S31(5,2) + B32(2,1) = (0,1),

i.e., we have to solve the two systems of linear equations

dap +2a0 = 1 561 +28, = 0
and
200 +a9 = 0 261+ B2 = 1.
The second equation of the first system gives s = —2ay. Plugging this into the first equation we get
5a; —4aq =1, i.e., @ = 1, which then gives ag = —2 .
Similarly, the first equation of the second system gives 8o = —% B1. Plugging this into the second equation

gives 231 — %51 =1, i.e., f1 = —2, which then gives 83 =5 . Thus

(1,0) = (5,2) —2-(2,1) and (0,1) = —2-(5,2) +5-(2,1).

Finding the standard matrix: Since we know that L(5,2) = (3,2,—4) and L(2,1) = (1,2, —1), we can use
the linearity of L to compute L(1,0) and L(0,1) as

L(1,0) = L((5,2) —2-(2,1)) = L(5,2) — 2L(2,1)
= (3,2,-4)—2-(1,2,-1)
(1,-2,-2)

and
L(0,1) = L(—2-(5,2)+5-(2,1)) = —2L(5,2) + 5L(2,1)

—2-(3,2,-4) +5-(1,2,-1)
= (-1,6,3).

Thus the standard matrix for L is
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Alternate Solution. Let A be the standard matrix for L, with entries unknowns :

a b
A= | ¢ d
e f
We are given the conditions that
a b 5 3 a b 9 1
(%) c d [2]: 2 and c d [1]: 2 |,
e f —4 e f -1
or, combining both equations, that
a b 3 1
c d { 2 i ] = 2 2
f -4 -1

The most efficient way to solve these equations is to multiply on the right by the inverse of the 2 x 2 matrix,
to get

a b 3 1 —1 3 1 1 -1
cd|=1] 2 2 [gi] = 2 2 [_; _i}: -2 6
e f -4 -1 -4 -1 -2 3
Alternatively, (x) can be written as three separate systems of linear equations
5a + 2b = 3 5¢ + 2d = 2 and be 4+ 2f = —4
2¢ + b =17 2 4+ d = 27 2¢ + f = -1~

which can be solved individually to give a = 1, b = —1, ¢ = =2, d = 6, e = —2, and f = 3, giving the
standard matrix as before.

(b) Find L(4, 1).

Solution. We use the linearity of L and part (a) to calculate

L(4,1) = L(4(1,0) + (0,1)) =4L(1,0) + L(0,1)
4(1,-2,-2) + (—1,6,3)

= (3,-2,-5)
so that L(4,1) = (3,—2,—5).
Alternate Solution.
1 -1 4 1 -1 3
L(4,1)=| -2 6 [1]:4 -2 | + 6 | =] —2
-2 3 -2 3 -5
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4. The matrix A and its RREF are shown below.

21 -4 3 9 10 -30 2
A:15 721,\/%01 2 0 -1
30 -9 0 6 00 01 2
11 -1 01 00 0O O

Let L: R® — R* be the linear transformation whose standard matrix is A.
(a) Find a basis for Im(L).

Solution. Since the leading ones appear in the first, second, and fourth columns of the RREF, by our
algorithm from class, the first, the second, and the fourth columns of A, the standard matrix for L, form
a basis for Im(L). Thus

((2,1,3,1), (1,5,0,1), (3,2,0,0))
is a basis for Im(L).
(b) Find a basis for Ker(L).

Solution. Adding an extra column of zeros to the RREF we get the matrix

1 To T3 Ty s
1 0 =3 0 2 0
0 1 2 0 -1 0
0 0 0 1 2 0
0 0 0 0 0 0

We will use the algorithm learned in class the parametrize all solutions to the corresponding system of
linear equations. The dependent variables x1, x2 and x4 correspond to the columns with the leading ones.
The independent (free) variables are x3 = t; and x5 = to. The augmented RREF gives the equations

T — 3t + 2t =0, wxo+2t1 —to =0, x4+ 2ty =0,

ie.,
x1 = 3t1 — 2ty, o = —2t1 +1lo, x4 = —21o.

Thus all solutions are parametrized as

I 3t1 — 2t2 3 —2
To =2t + 1o —2 1
xr3 | = i =11 1|+t 0
T4 —2t2 0 -2
Ty to 0 1

By our algorithm for finding a basis for Ker(L), the list
((3,-2,1,0,0),(=2,1,0,-2,1))

is a basis for Ker(L).
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5. Solve the system of linear equations below :

22 + y + 3z = 4
T + z =1
2y 4+ 3z = 8

Solution. Encoding the system as an augmented matrix and putting it into RREF we get

1 0 1|1 |~~~ 0 1 0]-2
0 2 3|8 0 0 1| 4
Thus the unique solution is x = —3, y = —2, and z = 4.

A possible sequence of row operations for putting the matrix into RREF is

21 34 Rl — 2R2+— R1 01 1]2 R3 — 2 R1 — R3 01 1]2 R1 — R3 — R1 01 0]-2
1 0 1|1 |~ 1 0 11 a1 0101 A~ 1 001 1
0 2 3|8 0 2 3|8 0 0 1|4 0 0 1 4

Rz2-Rr3—Rr2 | 0 1 01 =21 Reorder | 1 0 0|3

ANNANNANA~ 1T 0 0] -3 |~ e | 01 0 —2

0 0 1 4 0 0 1 4

21 3
Gpts) (b)Let A= | 1 0 1 [. Compute A~
0 2 3

Solution. Writing down the matrix { Al I3 ] and putting this matrix into RREF we get

2 1 3/1 007 ppge [1 0 1] 2 =3 —1

1 0 1101 0|~~~ |01 0| 3 —6 —1 1|,

0 2 300 1, 00 1]-2 4 1
2 -3 -1
so that A=1 = 3 -6 -1
2 4 1

Any sequence of row operations which worked in part (a) also works in (b). For instance,

2 13(100 R1 — 2R2+~ R1 0111 =20 R3 — 2 R1 — R3 L1 1 =20 R1 — R3 — R1
1 0 110 1 O]~~~ "n"nanve| 1 001 1 0 [~~~ " "nAnve |1 001 0 | VI VA VAVA VAV W
0 2 3(0 0 1] 0 2 3|0 0 1 0 0 1]-2 4 1

010 3 —6 —1 R2 — R3 — R2 010 3 -6 —1 Reorder 1 0 0 2 -3 -1

1 0 1 0 1 (| eV aVaVAVAVAV- S B | 0 2 =3 -1 |~ "o 1 0 3 -6 -1

0 0 1]-2 4 1 0 0 1]-2 4 1 0 0 1]-2 4 1
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(— problem 5 continued —)

(c) Let w = (4,1,8). Compute A~ lw.

Solution.
2 -3 -1 4 2 -3 -1 -3
A lw = 3 —6 -1 1| =4 3 +1] 6| +8| -1 ]|=| -2
-2 4 1 8 -2 4 1 4

(d) Explain the connection between your answers in (a) and (c).

Solution. The system of equations from (a), in matrix form, is

21 3 x 4
10 1 y|=11] or Av=w,
0 2 3 z 8

with v = (z,y,2) and w = (4,1,8). Multiplying both sides of this equation by A~ we get
Alw=A"1Av = (A 1A)v = v = v,

or (z,y,2) = A71(4,1,8).

Alternate Solution. As above, we are trying to solve the matrix equation Av = w, with w = (4, 1, 8).
Viewing A as a linear map R?* — R3, we are looking for a vector v sent to (4,1,8) by this map. The
inverse matrix A~! undoes the linear map given by A, and so v = A~1(4,1,8) is the solution we are looking
for.
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311
6. LetA=|1 1 0| and B=
2 0 3

NN W
= O N
N — =

[6 pts]  (a) Compute det(A).

Solution. Using, e.g., Laplace expansion by the third row we get

2det{1 1]—Odet{3 1]+3det{3 1]

det 10 10 11

N = W

S ==

w O =
Il

— 20-1)+00—-1)+3(3—1)=4.
[6 pts]  (b) Compute det(B).

Solution. Using, e.g., Laplace expansion by the second row we get

32 1
det | 2 0 1| =-24-1)+0(6-2)—1(3—4)=—5.
2 1 2

[2pts] (c) Compute det(AB).

Solution. For any two square matrices A and B of the same size we have
det(AB) = det(A) det(B).

Thus det(AB) = 4(—5) = —20.
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7. Let L: R™ — R™ be a linear transformation.
[2pts] (a) State the rank-nullity theorem for L.

Solution.
dim(Im(L)) + dim(Ker(L)) = n.

[2pts] (b) State, without proof, what “L is surjective” means in terms of the dimension of Im(L).
Solution. L is surjective if and only if dim(Im(L)) = m.

[2pts] (c) State, without proof, what “L is injective” means in terms of the dimension of Ker(L).
Solution. L is injective if and only if dim(Ker(L)) = 0.

[4pts] (d) Suppose we know that L is surjective. State, with proof, which inequality must hold between n and
m. (Le., which is bigger, and why.)

Solution. Since L is surjective, by (b) we have dim(Im(L)) = m. From (a) we have
n = dim(Ker(L)) + dim(Im(L)) = dim(Ker(L)) + m.

Since dim(Ker(L)) > 0, we conclude that n > m.
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8. Let A=

Nl—= D=

] |

1 =(3,2) and vo = (1, —1) are eigenvectors of A and find their eigenvalues.

IBE

Thus vy is an eigenvector of A of eigenvalue \; = 1. For v, we have

HEIHE

Thus vs is also an eigenvector of A of eigenvalue Ay = %.

2
3
1
3
[6 pts] (a) Verify that v

Solution. For v; we have

AV1 = + 2

W= win

NI N
W= win

[T

AV2:[

W= Wi
NI— N

W= Wi

Nl—= D=
| |
Il
—

|

2pts] (b) Find A%v; and A%vs.

Solution. If v is an eigenvector of A of eigenvalue A, then A”v = \"v for any integer n > 1. Thus

A2V1:12V1:V1:|:3]

and

1
Ay = (1) v = [ | ] -

[4pts] (c) Let w=(9,1). Write w as a linear combination of v; and vs.
Solution. We have to find «, 5 € R such that
a(3,2) + B(1,-1) = (9,1)

i.e., we have to solve the two systems of linear equations

One can solve this system by, e.g., encoding it in a matrix and putting the matrix into RREF:

2 -1]1 0 1(3

from which we see that a = 2 and § = 3 is the unique solution; i.e., that

w = 2vy 4 Jva.
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[2pts] (d) For n > 1, find a formula for A"w in terms of the eigenvalues of A.

Solution. Since v; and vy are eigenvectors of A of eigenvalues 1 and %, respectively, we know that

A"vi = 1"v] = v; and A"vy = (%)" vy. Using part (c) and the linearity of A, we obtain

A'w = A"(2vy +3vy) = 2A"vy + 34"V,
= 2v1+3(%)nv2
= 2-(3,2)+3-(3)"(1,-1)
= (6+3@)" 436

2pts] (e) Find lim A"w.

n—oo

Solution. Since lim (%)" = 0, we have
n—roo

lim A"w = Tim (6+3(3)", 4-3(3)") = (6,4).

n—oo n—oo
Alternate Solution. Using the answer from (d) we obtain

lim A"w = lim
n—o0 n—o0

(2vi+3(3)" vo) =2vi+3-0- vy =2v; = (6,4).



