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APSC 174 — Midterm 2
Monday March 25, 2019

T. LINDER

M. RoTH

S. YUKSEL

INSTRUCTIONS: The exam has six questions, worth a total of 100 marks.

Answer all questions, writing clearly in the space provided. If you need more room, continue to answer
on the back of the previous page, providing clear directions on where to find the continuation of your

answer.

To receive full credit you must show your work, clearly and in order.

No textbook, lecture notes, calculator, computer, or other aid, is allowed.

Good luck!
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1 0 2 3
[15pts] 1. Let M = 3 -1 6 7
1 1 2 5
Use row operations to put M into row reduced echelon form (RREF). Show your steps.
Solution. The RREF of the matrix is

10 2 3
01 0 2
00 00
A possible sequence of row operations for putting the matrix into RREF is

@ o2 ® o
3 1 ¢ 7 | R:RIOR3 |y
1 1 2 5 0

2 3

R2+R3—R2 @ R2—3R1—R2

— | 3 6 9| —m
0 0 2

®

o O N
O N W
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[15 pts] 2. Parametrize all the solutions to the system of linear equations corresponding to the following augmented

matrix. Write your parametrization in vector form (x1, z2, ..., xg are good names for the variables).
1 0 40 2 0]-1
01 6 05 0f 7
00013 0] 2
000 O0O0T1 9

Solution. The matrix is already in RREF :

Tq T2 I3 Ty T5 Te

0 4 0 2 0]-1
0 ()6 0 5 0 7
o0 0o () 3 o 2
o0 0o 0 o () 9

The dependent variables are x1, xs, x4, and zg, and the free variables are x3 and x5. Setting z3 = t; and
x5 = to, we get the equations

1 +4x3 +2x5 =—1 or w1 = —4xr3—2x5 —1=—4t1 —2t5 — 1
To +6x3+5xr5 =7 or x9=—06xz—dxrs+7=—06t1 —5dlo+7

T4+ 3x5 =2 or 4= —-3x5+2=—-3tr+2
T = 9.
In vector form this is

[ xq ] [ —4t; — 2t9 — 1 ] [ —1 [ —4 7 [ —2 7

T2 —6t1 — 5t2 + 7 7 —6 —5

x3 o 11 o 0 1 0

v | B2 | | 2| TR o] T 3

T5 to 0 0 1
| z6 | i 9 | L 9 | | 0 | | 0 |
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3. Suppose that L: R? — R3 is a linear transformation, and we know that L(2,3) = (3,0,2) and that
L(3,4) =(2,1,1).

(a) Write (1,0) and (0, 1) as linear combinations of (2,3) and (3,4).
Solution. We have to find aq, ao, 51, B2 € R such that
C¥1(2,3) +042(3,4) - (170) and 61(273) +/82(374) = (07 1)7

i.e., we have to solve the two systems of linear equations

2000 + 39 = 1 and 261 +382 = 0

3a1 +4os = 0 301 +46, = 1.
The second equation of the first system gives as = —%al. Plugging this into the first equation we get
2001 — %041 =1, i.e., &1 = —4, which then gives ap = 3 .
Similarly, the first equation of the second system gives £y = —%ﬁl. Plugging this into the second equation

gives 341 — %61 =1, i.e., f1 = 3, which then gives 8o = —2 . Thus
(1,0) = —4(2,3) +3(3,4) and (0,1) =3(2,3) —2(3,4).

(b) Find the standard matrix for L.

Solution. The standard matrix of L has column vectors L(1,0) and L(0,1). From part (a) we know that
(1,0) = —4(2,3) + 3(3,4) and (0,1) = 3(2,3) — 2(3,4). Since we also know that L(2,3) = (3,0,2) and
L(3,4) = (2,1,1), we can use the linearity of L to compute L(1,0) and L(0, 1) as
L(1,0) = L(—4(2,3)+3(3,4)) = —4L(2,3) + 3L(3,4)
= —4(3,0,2) +3(2,1,1)
= (—6,3,-5)

and

L(0,1) = L(3(2,3) —2(3,4)) = 3L(2,3) — 2L(3,4)
= 3(3,0,2) —2(2,1,1)

(5,—2,4).
Thus the standard matrix for L is
—6 5
3 -2
-5 4

(c) Find L(4,5).
Solution. We use the linearity of L and part (b) to calculate
L(4,5) = L(4(1,0)+5(0,1)) =4L(1,0) +5L(0,1)
= 4(_67 37 _5) + 5(57 _27 4)

= (1,2,0)
so that L(4,5) = (1,2,0).
Alternate Solution.
—6 5 4 —6 5 1
3 =2 [5]:4 3|1 +5| 2| =12
-5 4 -5 4 0
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4. Let L: R* — R? be the linear transformation given by the rule

L(z,y,z,w) = (x+ 22z +w, y+42z + 3w, 22 —y — w).

(a) Find the standard matrix for L.

Solution. Since L(1,0,0,0) = (1,0,2), L(0,1,0,0) = (0,1, 1), L(0,0,1,0) = (2,4,0), and L(0,0,0,1) =
(1,3,—1), the standard matrix A for L is

A=

N O =

— = O

S = N
w

(b) Find a basis for Im(L).

Solution. To find a basis for Im(L) we follow the procedure learned in class: first we put the standard
matrix A into RREF and then identify the columns with the leading ones. The corresponding columns of
A form a basis for Im(L). The RREF is:

1 0 2 1 0 2 1 (Do 21
0 1 4 3 R3—2R1—R3 0 1 4 3 R24+R3—R3 0 @ 4 3
29 -1 0 —1 0 —1 —4 -3 0 0 00

The leading ones are in the first and second columns of the RREF so the first and second columns of A
are a basis for Im(L). That is, ((1,0,2),(0,1— 1)) is a basis for Im(L).

(c¢) Find dim(Im(L)).

Solution. The dimension of a finite-dimensional vector space is the number of vectors in any basis for
the vectors space. Since the basis for Im(L) we have found in part (b) contains two vectors, we get
dim(Im(L)) = 2.

(d) Find dim(Ker(L)).

Solution. Here we use the Rank-Nullity Theorem which states that if L : R®™ — R™ is a linear transfor-
mation, then dim(Im(L))+dim(Ker(L)) = n. Here n = 4 and we know from part (c) that dim(Im(L)) = 2,
SO

dim(Ker(L)) =4 — dim(Im(L)) =4 — 2 = 2,

i.e., dim(Ker(L)) = 2.
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5. Let V and W be vector spaces, L: V — W a linear transformation, and vi,..., v, vectors in V.
(a) Suppose that ai,..., o, € R are such that oy L(v1) + aaL(v2) + - - - + apL(vy) = 0.
Show that a1 vi 4+ agva + -+ + a, v, € Ker(L).

Solution. Since L is a linear transformation, we have
a1 L(vi) + agL(ve) + -+ -+ apL(vy) = L(a1v1 +aova+ -+ apvy )

Thus a1 L(v1) + asL(va) + -+ - + a,L(v,) = 0 implies L(a1V1 4+ vy + -+ apvp) = 0, which exactly
means that a1vi + agva + -+ + vy, € Ker(L).

(b) Suppose in addition that L is injective, and that {v1, va, ..., v,} is linearly independent.

Prove that {L(v1), L(v2), ..., L(v,)} is linearly independent.
Solution. Let ay,a9,..., 0, € R be such that
ar1L(vi) + azL(ve) + -+ + o L(vp) = 0.

From part (a) we know that this implies a;vy + agve + -+ - + apvy € Ker(L). Also, we know from class
that a linear tranformation L is injective if and only if Ker(L) = {0}. Thus if L is injective, we must have
a1vi + vy + -+ vy € {0}, ie.,

a1V] +agvy + -+ - +a,vy = 0.

Since {vi, va, ..., v} is linearly independent, this gives a1 = ay = -+ = @, = 0, In conclusion, we have
shown that oy L(v1) + aaL(v2) + - + apL(vy) = 0 implies a1 = ay = -+ = @, = 0, which means that
{L(v1), L(v2), ..., L(vy)} is linearly independent.
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6. Let P2(R) be the vector space of polynomials of degree < 2, with real coefficients. That is, the
polynomials of the form
aop + a1z + asx?

with ag, a1, az € R. The operations on P2(R) are the usual addition and scalar multiplication of polyno-
mials.

(a) Find, with proof, a basis for Py(R).
Solution. We have to find a linearly independent generating set in P2(R). A generating set is easy to

find. Consider the polynomials po(x) = 1, p1(z) = x, and pe(z) = 22, all having degree at most 2. Then
the linear combination of these with coefficients ag, a1,a2 € R is

aopo(x) + a1pi(x) + aspa(x) = ag + a1z + asx?

so {1,z,2?} is a generating set for Pa(R).

To show that {1, z, 2%} is linearly independent, we have to show that ag + ayz + agz? = 0 for all € R is
only possible when ag = a1 = a9 = 0. Here are three different ways to do this:

(1) Substitute x = 0, x = 1, and = —1 into ag+ a2+ azr? = 0 to obtain the system of linear equations
aq = 0
ap+ar+az = 0
apg—ay+azx = 0.

The first row gives ag = 0 and substituting this into the second and third equations results in
a1 +as =0 and —a; 4+ ag = 0. The unique solution of these two equations is a; = 0 and as = 0, so
the unique solution to the original system is ag = a; = ag = 0.

(2) If ag # 0, then ag+a1z+asz? = 0 is a quadratic equation in 2 which has at most two solutions (roots)

(say by the quadratic formula). If ay = 0 but a3 # 0, then ag+ajr+a2? = ag+a1x and ag+arz = 0

has the unique solution x = —ag/a;. Finally, if a1 = as = 0, but ag # 0, then ag + a1z + a22? = ag

S0 ap + a1z + asx® = 0 has no solution. Thus ag + a1z + asz® = 0 for all z € R if and only if
apg = a1 — a = 0.

(2) If ap + a1x + asx? = 0 for all x € R, then all derivatives of ag + aix + ax? must also be identically
zero. The first and second derivatives respectively are a; 4+ 2aox and 2ao. Substituting z = 0 into
ag + a1z + asx? =0, a1 + 2a22 = 0 and 2as = 0 gives ag = 0, a; = 0, and as = 0.

Thus we have shown that {1, z, 2%} is a linearly independent generating set for Po(R), so (1,z,2?) is a
basis for Pa(R).
(b) What is the dimension of Py (R)?

Solution. Since from part (a) we know that P2(R) has a basis consisting of 3 elements, the dimension of
P2(R) is 3.



