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Tutorial 12

1. For each of the matrices below,
(1) Find the characteristic polynomial;
(2) Find the roots of the characteristic polynomial;

(3) For each root, find a basis for the corresponding eigenspace.

To make it easier to factor the characteristic polynomials, 5 is a root of each one.
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(a) Find the eigenvalues of A (i.e., find the characteristic polynomial and find its roots).
(b) For each of the eigenvalues from (a), find a basis for the corresponding eigenspace.
Let vy and vy be the two vectors you found in (b) (in whichever order you choose), and let w = (2,5).
(¢) Write w as a linear combination of vy and va.
(d) Find a formula for A”w in terms of the eigenvalues of A.

(e) For large n, is the az-coordinate of A™w positive or negative?

3. Consider three tanks, X, Y and Z, each holding 1000 L of water. In each minute liquid is pumped around the
tanks as follows :

From X : % stays in X, i is pumped to Y, i is pumped to Z
From Y : % is pumped to X, % stays in Y, % is pumped to Z
From 7 : % is pumped to X, i is pumped to Y, i stays in Z

The picture below is a summary of these rules.

@©This material is copyrighted and is for the sole use of students registered in APSC 174. This material shall not be distributed or disseminated. Failure to abide hl(
these conditions is a breach of copyright and may also constitute a breach of academic integrity under the University Senate’s Academic Integrity Policy Statement.



Suppose that at time 0, we put 90 Kg of some chemical in tank X, 50 Kg in tank Y, and 25 Kg in tank Z. (We
assume the chemical dissolves completely, and does not change the volume of the tanks.)

We wish to know the amount of the chemical in each tank after n minutes have passed. Let z,, y,, and z, denote
the amount of the chemical in tanks X, Y, and Z respectively after n minutes. We wish to find formulas for z,,,
Yn, and z,.

We start off with (zq, yo, z0) = (90,50, 25), and the rules for the procedure show that
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for all n > 0. Letting A be the matrix above, this means that (2., yn, z,) = A™(90, 50, 25) for all n > 0.
Let vi = (5,3,3), vo = (2,—1,—1), and vz = (1,0, —1).
a) Verify that vy, vo, and vs are eigenvectors of A and find their eigenvalues.

(a)
(b) Write (90,50, 25) as a linear combination of vy, v, and vs.

(¢) Find a formula for A™(90,50,25) in terms of the eigenvalues of A (and n of course).
(d) Find a formula for x,, y,, and z, in terms of the eigenvalues of A.
(¢) Find lim A"(90,50,25).

e answer in (e) represents the amounts in tanks X, Y, an after a “long time”. Explain, on physica
Th i ts th ts i ks X, Y, and Z aft “l time”. Explai hysical
grounds, why this is the answer you expect.

4. Let A =
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], vi =(3,2), vo = (—3,2), and w = (21, —2).

(a) Verify that vi and va are eigenvectors of A and find their eigenvalues.
(b) Write w as a linear combination of v; and va.

(¢) Find a formula for A"w in terms of the eigenvalues of A.

(d) Find lim A"w.
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