Queen’s University - APSC174 Winter 2025

Tutorial 05

1. Consider the vector space R? with the usual vector addition and scalar multiplication operations. For u = (1,1)
and v = (1,4), let S(,) and S(yy be the span of {u} and {v}, respectively. Find wi € S,y and wy € S(y such that

Wi + Wo = (2,3)

Solution. In general, the span of vectors {vy,va, ..., v, } consists of all possible linear combinations of vy, va, ..., vy.
Here {u} and {v} contain only one vector each, so S(y) is the set of all vectors in the form au, a € R, and S(y is
the set of all vectors in the form Sv, 5 € R. Thus we are looking for w; = au = «(1,1) and we = v = (1,4)
such that

w1+ wy =(2,3),

i.e., we need to find «, 8 € R such that
o(1,1) + 5(1,4) = (2,3).

This vector equation is equivalent to the system of linar equations

2
3.

a+p
o+ 48

The unique solution is « = 5/3 and 8 = 1/3 and so the vectors wy and wo are given by
5 5 5 1 14
w1 3( ) ) (373>7 W2 3( 5 ) (353>

2. Let V be a vector space and let vq,ve € V. Define wy = vi + vy and wa = vy — va. Prove that the set {vy, vy}
is linearly independent if and only if the set {w1,wa} is linearly independent.

Solution. By definition, {vy, vy} is linearly independent if the only solution to the vector equation

a1Vvi +asvyg =0 (1)
is @1 = ap = 0. Similarly, {w;, ws} is linearly independent if the only solution to the vector equation

f1w1 + fawa =0 (2)

is f1 = B2 =0.

We have to prove that the linear independence of {vq,va} implies that {w1,wa} is linearly independent and also
that the linear independence of {w1,wa} implies that {vq,va} is linearly independent.

First, we will prove that if {vy,va} is linearly independent, then {wy, wa} is linearly independent. To do this,
substitute w; = vi 4+ vo and wo = v; — vy into equation (2) to obtain

Bi(vi +va) + Ba(vi — v2) =0,
i.e., after rearranging terms,

(B1+ B2)vi + (B1 — P2)va = 0.

Since {vy, vy} is linearly independent, this last vector equation holds exactly when 8; + 82 = 0 and 87 — 82 = 0.
From the second equation we get 8, = (2, which, upon substitution into the first equation, gives 28; = 0, i.e.,
B1 = 0, which then implies 5 = 0.
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Thus we have proved that if {vy, vo} is linearly independent, then the vector equation (2) has the unique solution
B1 = B2 =0, implying that {wy, ws} is linearly independent.

Conversely, we now assume that {wy, ws} is linearly independent and prove that this implies that {vi,va} is
linearly independent. To do this, we will express v; and vy in terms of w; and wo. First notice that adding the
vector equations wi = vi + v and wo = v — vy gives wi + wo = 2vy, i.e.,

V] = (Wl —|—W2)

| —

Substituting this into w; = vi + vo in turn gives wy = %wl + %Wz + va, l.e.,

Vo = *(Wl —WQ).

2

Now we can use the assumed linear independence of {w1, wy} by substituting these two equalities into equation
(1). We obtain

1 1
Qg - §(W1 +W2) +o - §(W1 — W2) =0,
— —
Vi V2

i.e.

1
5(041 + as)wy + 5(041 — ag)ws = 0.

Since {w1, ws} is linearly independent, this last vector equation holds if and only if 1 (a1 +as) = 0 and 3 (a1 —az) =
0. From the second equation we have a; = ao. Substituting this into the first equation gives a; = 0, which in turn
gives as = 0.

Thus if {w;,ws} is linearly independent, then the vector equation (1) has the unique solution a; = ay = 0,
implying that {vq,vs} is linearly independent.

3. Let (V,+,-) be a real vector space, and let vi,va,v3, vy € V. Let W denote the linear span of the vectors
v1, Vs, and let Wy denote the linear span of the vectors v, v4. Assume vy € Wy and v4 € W1; show that it then
follows that Wy C W

Solution. We assume vz, vy € W;. By definition of W1, this means vz and v4 can both be written as linear
combinations of v; and va. In other words, there exist a,b € R such that

vi3=a-vy+b-voy,
and there exist ¢,d € R such that
Vy=c-vi+d-vs.

Let now w be an arbitrary element of W5. By definition of W, this means w is a linear combination of v3 and
vy, that is, there exist a, f € R such that
w=a-vz+[3-vy,

which yields
w=a-(a-vi+b-vy)+8-(c-vi+d-vsy),
which can be rewritten as
w = (aa+ ) - v1 + (ab+ Bd) - va,

which shows that w is a linear combination of vi,vo, and hence an element of W;. We have thus shown that any
element of Wy, is also an element of W1, that is, Wy C Wj.

4. Let (V,+,-) be areal vector space, and let vy, vy € V with vy # vo. Let w1, wy € V be defined by wi = 2vq+vs
and wo = vi — 2vy. Show that if {vy,va} is linearly independent, then {wy,ws} is linearly independent as well.
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Solution. Assume now that the subset {vy, va} is linearly independent. We wish to show that the subset {w1, w2}
is then linearly independent as well. Let then a,b € R such that

a-wi+b-wy =0,

i.e. such that
a-(2vy +va)+b-(vi —2vy) =0,

which yields
(2a+b) - vy + (a—2b) - vo = 0.

Since {v1,va} is assumed linearly independent, it follows that
20+b=0 and a—2b=0,

which then yields a = b = 0.
We have therefore shown that the only allowed values of a and b so that

a-wi+b-wg=0

holds are ¢ = 0 and b = 0. Hence, we can conclude that {wy,ws} is a linearly independent subset of (V,+,-).

5. In the vector space R? consider the vectors (6,2) and (4,t), where t € R is a real parameter.

(a) Find all the values of t such that the vector equation
$1(67 2) + 12(47 t) - (17 1)
has a solution.

(b) Find all the values of t such that the vector equation
21(6,2) + 22(4,t) =b
always has a solution regardless of the choice of b = (b, bs) € R2.

(¢) For which value(s) of ¢ does the vector equation
x1(6,2) + z2(4,t) = (9,3)

have an infinite number of solutions?

Solution.

(a) As we have seen in class, the vector equation x1(6,2) + x2(4,t) = (1,1) is equivalent to the system of linear
equations
6(E1 + 4.’£2 = 1
201 +txs = 1.

We start solving this system by multiplying the second equation by 3 and subtracting the result from the
first equation. We obtain
dxy — 3tz = —2. (3)

If4-3t#0,1ie.,if t # %, we can solve for x5 to obtain

—2
XTg = .
SIS
Substituting this back into the first equation gives
-2
6 4—=1
nETy
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and so

o1 8 LAzt
176 4-3t) 2\4—3t)"

Thus for all ¢ € R, except for the single value ¢ = %, the vector equation x1(6,2) + x2(4,t) = (1,1) has the

unique solution
14—t =2
“T9\a—s ) T a—a

On the other hand, when ¢t = %, the vector equation has no solution since (3) gives 0 = —2 in this case.

(b) Here, we give a geometric argument.

Recall that two vectors are linearly dependent if and only if one is a scalar multiple of the other. In R? this
happens if and only if the two vectors lie on the same line through the origin, that is, these two vectors are
parallel. If ¢t = % then the vectors (6,2) and (4,t) = (4, %) are both on the line y = %x and so the span of
the vectors is that line and not all of R2. Thus in this case, it is not true that an arbitrary b € R? is in the
span of (6,2) and (4,¢) and so the vector equation x1(6,2) + x2(4,¢) = b does not always have a solution.

On the other hand if t £ % then the vectors (6,2) and (4,t) are not on the same line, that is, they are not
parallel (one is not a scalar multiple of the other), and so they are linearly independent. These two linearly

independent vectors therefore span all of R? and so x1(6,2) + z2(4,t) = b has a (unique) solution for any
b = (b1,b2) € R.

(c) We have learned in class that a linear vector equation x1vy 4+ 29ve = b has infinitely many solutions if and
only if b is in the span of v and vy and the vectors v; and vs are linearly dependent.

In our case (vi = (6,2), vo = (4,t), b = (9,3)), we have b = %Vl, so b € S(y, v,) regardless of the value
of t. Also, from part (b), vi and va are linearly dependent if and only if ¢ = %. Thus the vector equation
21(6,2) 4+ 22(4,t) = (9, 3) has infinitely many solution when ¢ = 4 (and for all other values of ¢ it has exactly

one solution).
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