Queen’s University - APSC174 Winter 2025

Tutorial 07

1. Consider the following vectors in R®:
vi =(1,0,0), wvo=(1,1,0), v3=(1,2,1), wv4=1(0,0,3).
(a) Show that {va,v3} is not a generating set for R3.
(b) Show that {vy,va,v3} is a generating set for R?.

(c) Show that {vi, vy, Vs, v4} is a generating set for R®.

2. Consider the subset W of R* given by
W= {(z,y,2,w) eER" 1z +y+2z+w=0,y=z}
It is easy to show that W, with the usual addition and scalar multiplication operations, is a subspace of R*. Let
vi = (1,0,0,-1), vo = (1,1,1,-3).

Show that B = (v1,Vvs) is a basis for W and compute the coordinates of u = (—6, 6,6, —6) with respect to B.

3. Suppose (v1,Vva, V3, Vvy) is a basis for a vector space V and let

u; =Vvi+Vvy, Uy=Va+Vz U3=Vz+Vy U=Vy (%)
Prove that (uy,us, us, uy) is also a basis for V.
4. Let V be a finite-dimensional vector space and let B = (v1,va,...,v,,) be a basis for V. Suppose v is an

arbitrary nonzero vector in V. Show that there is a vector v; in B such that if we replace v; with v in B, the
resulting m-tuple of vectors is still a basis for V.

5. Let V be a finite-dimensional vector space and let W be a subspace of V.

(a) Show that dimW < dimV.
(b) Suppose dimW = dimV. Show that W = V.
Hint: The Key Lemma may be useful in part (a).

6. Consider the subspace W of R* defined by
W = {(x,y,z,w) eR*:z+2w=0, 22+w:0}.

Show that W has dimension 2.

7. Consider the subspace W of R* defined by
W = {(x,y,z,w) eR*:z—y=0,z24+w=0, y+w:0}.
Show that W has dimension 1.

8. Let P2(R) be the vector space of polynomial functions (from R to R) of degree < 2, with real coefficients. That
is, the polynomials of the form

ao + a1z + aza?, rz eR,

with ag, a1, as, € R. The operations on P2(R) are the usual addition and scalar multiplication of polynomials.

@©This material is copyrighted and is for the sole use of students registered in APSC 174. This material shall not be distributed or disseminated. Failure to abide hl(
these conditions is a breach of copyright and may also constitute a breach of academic integrity under the University Senate’s Academic Integrity Policy Statement.



(a) Show that B = (f1, fa, f3) is a basis for P»(R), where
fl(x):]-v f2(x):$_2a f3($):($—2)2, xG]R,

(b) What is the dimension of Py(R)?

(c) Given f € P2(R), where
f(x)=32>+2+9, z€R,

find the coordinates of f in terms of basis B.
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