Queen’s University - APSC174 Winter 2025

Tutorial 07

1. Consider the following vectors in R3:

(a)
(b)
()

vi=(1,0,0), va=(1,1,0), vs3=(1,2,1), v4=(0,0,3).
Show that {vs,v3} is not a generating set for R3.
Show that {vy,Vva,Vv3} is a generating set for R3.

Show that {v1,Vva, Vs, vy} is a generating set for R3.

Solution.

(a)

The span of vy and v is the collection of all linear combinations
avy + fvs = a(1,1,0) + 4(1,2,1) = (a + B, a + 23, B)

for , 8 € R. Since (a+ ) + f = a+ 206, any (x,y, 2) in the span of {vq, v3} must satisfy x + z = y, which
means that, for example, the vector (1,1,1) is not in the span. Thus {vs,v3} does not generate R3. We can
also conclude from the dimension of R? that the set with only two vectors cannot generate the entire vector
space R3.

We have to show that any (z,y,z) € R3 can be written as a linear combination of vy, v, and vs, i.e., for
any x,y, z € R the vector equation

Oé(]‘ﬂ 07 0) J’» B(]" ]‘3 O) + 7(]" 23 1) = (x7 y’ Z)
has a solution for «, 8,~. This vector equation is equivalent to the system of linear equations

atf+y = =
B+2y = y.
v = z

From the last equation we get v = z. Plugging this value into the second equation gives 8 + 2z = y, i.e.,
B =y —2z. Finally, from this and the first equation we obtain o+ (y — 2z) + z = x, which gives « = z —y+z.
Thus the system has a (unique) solution &« = x —y + z, 8 = y — 2z, and v = z, which means that {vi,vs,v3}
generates R3.

Clearly, {v1,Vv2,Vv3,v4} generates R? since {vq,va,v3} generates R®. More formally, since {vi,va,v3} C
{v1,v2,v3,v4}, we have Siv, vavs) C Sivy va,vs,va) C R? and we know that Sy, v, vs) = R?, 80 S(v, vavsva) =
R3.

2. Consider the subset W of R* given by

W={(m,y,z,w)ER4:m+y+z—|—w:O, y:z}.

It is easy to show that W, with the usual addition and scalar multiplication operations, is a subspace of R*. Let

Vi = (170a0a _1)7 Vo = (15 1717_3)

Show that B = (vy1,Vvs) is a basis for W and compute the coordinates of u = (-6, 6,6, —6) with respect to B.

Solution. Clearly, the entries of vi = (1,0,0,—1) and v, = (1,1, 1, —3) satisfy the conditions x +y+z+w =0
and y = z, so vy, vy € W. To show that (vy, va) is basis for W, we have to show that {vy,va} is a generating set
for W, and that v; and vo are linearly independent. We start with linear independence, which is easier to show.
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Linear independence. We know from class that two vectors in a vector space are linearly dependent if and only if
one of them is a scalar multiple of the other. Here the two vectors are vy = (1,0,0,—1) and vo = (1,1,1,-3).
Clearly, neither is a scalar multiple of the other one, so they are linearly independent.

Generating set. We have to show that v.€ W can be written as a linear combination of vi and vy. Let v =
(z,y,2z,w) € W. Then, by the definition of W, we know that y = z, so we can rewrite v as v = (z,y,y,w). Also
by the definition of W we know that the sum of the entries of v must be zero: x+y-+y+w = 0, which is equivalent
to w = —x — 2y. Thus every vector v in W is of the form

V= (I7y7ya —T — 2y)

for some z,y € R. Conversely, every v of this form is in W. We want to show that any such vector can be written
as a linear combination of v; and v,. Letting a, 5 € R, we have

avi+pvy = «(1,0,0,—1)+ 5(1,1,1,-3)
(a+ﬂ76a67_a - 35)7

so we have to see that the vector equation
(a+6aﬂ7ﬂv —Q = 3ﬂ) - (xvya:% —T— 2y)

can be solved for o and 8 when z,y € R are arbitrary. The vector equation is equivalent to the following system
of linear equations with unknowns « and (3,

a+p = T
B = y
B = y
—a—38 = —x—2y

(the second and third equations are identical). From the second (or third) equation we get 8 = y. Substituting this
into the first equation gives a +y = z, i.e., @« = z — y. Finally, we check that the third equation is satisfied when
setting &« = x —y and = y. Thus the system has a (unique) solution and every vector v = (x,y,y, —x —2y) € W
can be written as a linear combination of v; and vy as

(I, Y, Y, —T — 29) = (I - y)vl + Yyva
= (r—y)(1,0,0,-1) 4+ y(1,1,1,-3)

which proves that {va,va} is a generating set for W.

We have shown that v; and vy are linearly independent and they generate W, so we conclude that B = (v, va)
is a basis for W.

Finally, for the vector (—6,6,6,—6) € W we have x = —6 and y = 6, so the formula above yields the coordinate
vector of (—6,6,6,—6) in the basis B as

(—6—6,6)5 = (~12,6)5.

3. Suppose (vy, Ve, V3, vy) is a basis for a vector space V and let
up =vy+v, Uy=Vay+Vz U3=Vz+Vy Ug=Vy (%)
Prove that (up,us, us, uy) is also a basis for V.

Solution. Let
B: (V17V27v37v4)7 BI: (u17u2au37u4)~

In order to show that B’ is a basis for V, we have to show that the vectors in B’ generate V and that these
vectors are also linearly independent (this a the definition of a basis for V). We do this in one step: we show
that every v € V can be written as a linear combination of the vectors in B’ in a unique way, which proves that
{u1,uz,u3,uy} is a linearly independent generating set for V.
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First we note that the definition of B’ in (*) implies that an arbitrary linear combination aju; +asus +aszug+aguy
of the vectors in B’ is also a linear combination of the vectors in B:

ajug + apug + azug + auuy = (v + va) + as(ve +vs) + ag(vs + va) + asvy
= (1V1 —+ (Oél —+ Oé2)v2 —+ (042 =+ Oég)Vg —+ (043 —+ Oé4)V4. (1)

Since B is a basis, for any v € V there exist unique real numbers (1, 82, 83, 84 (the coordinates of v with respect
to the basis B) such that

v = f1vi + Bava + B3vs + Bava. (2)

Comparing the coefficients of the vectors v; in equations (1) and (2), we obtain that we can write v as a linear
combination of the vectors in B’ if and only if there exist a1, as, as, ay that solve the system of linear equations

o} = B
aj+ay = fo
as+az = [
az+oay = fBa

From the first equation we have «; = ;. Plugging this into the second equation, we obtain ay = [ — (1.
Substituting this into the third equation gives ag = 3 — 2 + 51, and finally plugging this value into the last
equations yields ay = 84 — B3 + B2 — B1. Thus the system has the unique solution

ar =01, ay=PB2—pB1, oaz3=p3—Po+pB1, =Py Ps+ P2 Pi.

In summary, we have proved that any vector v in V can be written as the linear combination of vectors in B’,
so the vectors in B’ are a generating set for V, and that this linear combination is unique for any v, and so the
vectors in B’ are linearly independent. This proves that B’ = (u1, us, ug, uy) is a basis for V.

4. Let V be a finite-dimensional vector space and let B = (v1,Vva,...,v,,) be a basis for V. Suppose v is an
arbitrary nonzero vector in V. Show that there is a vector v; in B such that if we replace v; with v in B, the
resulting m-tuple of vectors is still a basis for V.

Solution. Let v € V be arbitrary such that v # 0. Since B is a basis, v can be written as linear combination
V=wo1V]y+aVvo+- -+ an,Vm

for some ag,...,q,, € R. Since v # 0, at least one a; must be nonzero. To simplify the notation we assume that
a1 # 0. We claim that if we replace vi with v in B, then the resulting list of m vectors is also a basis for V| i.e.,
that B’ = (v, va,..., V) is a basis.

In order to show that B’ is a basis, we will prove that B’ generates V and that the vectors in B’ are linearly
independent.

Generating set. Since a7 # 0, vy can be written as

1 « «
Vi= —V— vy — Ly (3)
(5] o (5]
Since B is a basis, any u € V can be written as a linear combination
u=p1vi+B2va+-+ BnVm.
In view of (3), this gives
@
u = 61(7‘/_7‘,2_.”_07‘%) + B2ve + -+ BV
1
o @
= —v+ (52 — 72)‘,24_..._,_ (ﬁm — ﬂ)vm.
aq aq

This proves that any u € V can be written as a linear combination of vectors in B’, so B’ generates V.
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Linear independence. Let 71, ..., v, be coeflicients such that

0:71V+72V2+"'+""Ymvm~

To prove the linear independence of {v,va,...,v,,}, we have to prove that v, = 0 for all i = 1,...,m. Using the
fact that v = a1 vy + agvy + - - - + au Vi, We can rewrite the above as

0 = 71(041V1 + aaVva +...+amvm) +Y9Ve + -+ Y Vi
= '71011V1 + (’}/2 + 71@2)V2 —|— e + (/ym _|_ 'Ylam)Vm.

Since B is a basis, {v1,Va,...,V,,} is a linearly independent set, so we must have y1a1 = 0, 72 + y1020 = 0, ...,
Ym + Y1@m = 0. Since a1 # 0, y1a17 = 0 implies that ;3 = 0. But then 5 + y1a9 = 0 implies 75 = 0. In general,
v =0and v;+v1a; =0givey; =0foralli=2,...,m. Thus vy =y = ... =y, = 0,80 {v,vy,..., v, } is a
linearly independent set.

We have proved that the vectors in B’ both generate V and are linearly independent, which means that B’ is
a basis for V.

5. Let V be a finite-dimensional vector space and let W be a subspace of V.
(a) Show that dimW < dimV.
(b) Suppose dimW = dimV. Show that W = V.

Hint: The Key Lemma may be useful in part (a).

Solution.

1. Recall the Key Lemma: In a finite dimensional vector space, the size of any linearly independent set is at
most the size of any generating set.

Let n = dimV and let (vq,va,...,Vv,) be a basis for V. Similarly, let m = dimW and let (w1, wa,..., wy,)
be a basis for W. Since (vi,Va,...,v,) is a basis, {vi,va,...,v,} is a generating set for V. On the other
hand, since (w1, wa,...,W,,) is a basis for W and W C V, {wy,wa,...,w,,} is a linearly independent set
in V.

Then the Key Lemma gives m < n, so dimW < dimV.

2. Now assume that dimW = dim'V. We will show that V.C W in this case (by proving that any basis of W
is also a basis for V); this will imply that W =V (since W is a subspace of V).

Let n = dimW = dimV, let (wq, wa, ..., w,) be a basis for W, and let (vi,va,...,v,) be a basis for V. If v
is an arbitrary vector in V, we claim that the set of n + 1 vectors {wy, ws,..., w,, v} is linearly dependent.
This is true since {v1,va,..., Vv, } is a generating set for V and by the Key Lemma the number of vectors in
any linearly independent set cannot be greater than n.

Now since {w1,wa,...,W,, v} is linearly dependent, if a1, as, ..., an, ay41 are coefficients such that
a1wi + agwa + -+ oWy + a1 v =0,

then at least one «; is not zero. If we had a,4+1 = 0, then we would get oy w1 + aowg + -+ + @, w,, = 0,
where at least one of ay, as,. .., @, is not zero. But this is impossible since (wq, wa, ..., w,) is a basis and
so {w1,Wa,...,w,} is a linearly independent set. Thus we must have a, 11 # 0, so we obtain

—aq a2 Qp

W1 —
(07705 ] (07705 Q41

VvV =

which shows that v is in the span of {wy,wq,...,w,}. Since v € V was arbitrary, we obtain V. .C W =
S(w1,....w,)- On the other hand, since W is a subspace of V, we have W C 'V, and we conclude that W = V.
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6. Consider the subspace W of R* defined by
W = {(x,y,z,w) eR*:z 42w =0, 22—|—w:0}.
Show that W has dimension 2.

Solution. We will find a basis for W consisting of two vectors, which will give the desired result dimW = 2.
Let (x,y,z,w) € W be arbitrary. The requirements x + 2w = 0 and 2z + w = 0 are the same as © = —2w and
w = —2z. Equivalently, x = 4z and w = —2z, so any v = (z,y,2,w) € W has the form v = (4z,y, z, —22).
Conversely, any vector (4z,y, z, —2z) with y,z € R is in W (check this!), so we obtain

W = {(42,3/,2, —22)eR* : y,z € R}.
Let w; = (4,0,1,—2) and wo = (0,1,0,0); then for any y, z € R,
(42';?/72'7 _2Z) = Z(4507 17 _2) + y(oa 1a0a0) = W] + Ywa,

which means that {w1, wy} generates W. Since neither w; nor wy is a scalar multiple of the other vector, they
are linearly independent. Thus (w1, ws) is a basis for W and therefore W has dimension 2.

7. Consider the subspace W of R* defined by
W = {(m,y,z,w) eR*:z2—y=0, z24+w=0, y+w:0}.
Show that W has dimension 1.

Solution. Proceeding as in the previous problem, we will find a basis for W consisting of a single vector, which
shows dimW = 1. Let (x,y, z,w) € W be arbitrary. The requirements x —y = 0 and y + w = 0 give © = y and
w = —y. But then the third condition z 4+ w = 0 gives z = y. Thus any (x,y, z,w) € W is of the form (y,y,y, —y).
Conversely, any vector (y,y,y, —y) with y € R is in W, so

W= {(y,%y,—y) 6R4:yeR}.

Since (y,v,y,—y) = y(1,1,1, —1), we obtain that W is spanned by the single vector w; = (1,1,1,—1), and thus
{w1} is a generating set for W. Since w; # 0, {w;} is also a linearly independent set, so (wy) is a basis for W,
which means that W has dimension 1.

8. Let P2(R) be the vector space of polynomial functions (from R to R) of degree < 2, with real coefficients. That

is, the polynomials of the form

ao + a1z + agz?, r € R,

with ag, a1, as, € R. The operations on P2(R) are the usual addition and scalar multiplication of polynomials.

(a) Show that B = {f1, f2, f3} is a basis for Pa(R), where
fl(x):]-v fg(w):l'72, f3($)2($72)27 xGRa

(b) What is the dimension of Py(R)?

(¢) Given f € P2(R), where
fx) =32 +24+9, zeR,

find the coordinates of f in terms of basis 5.

Solution.
a) To show that B = (f1, f2, f3) is a basis for Pa(R), we have to show that {f1, fa2, f3} is both a linearly
independent set in P2(R) and a generating set for Pz(R).

Linear independence. Setting

ayfi +asfo +asfz =0,
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where the zero vector 0 of Py(R) is given by the zero polynomial (i.e., 0(x) = 0 + 0z + 022, for € R), we obtain
that
ar1(1) + az(z — 2) + az(z — 2)* = 0(x)

for any = € R, which upon rearrangement yields
(1 — 20 + 4ag) + (g — 4az)z + azz? = 0(z) = 0 + 0z + 022

Since the left-hand side polynomial equals the zero polynomial on the right-hand side, then their respective coeffi-
cients must match; hence we have that

a1 — 200 +4a3 =0
(12—405320
a3:0

Solving the above system directly yields that we must have that
a1 = g = (3 = 0.

Thus the set {f1, f2, f3} is linearly independent.

Note: An alternative solution is to note that we must have
a1(1) + az(z —2) +az(z —2)* =0
for any z € R. So we can plug different values of = and solve for the scalar coefficients:

r=2: a1 =0
r=0: a; —2as+4a3=0
r=1: a1—as+az3=0

Solving the above system similarly yields that we must have that
] = Qg = (g3 = 0

and hence the set {f1, f2, f3} is linearly independent.

Generating set. We need to show that any polynomial function f in Pa(R) can be written as a linear combination
of f1, f2 and f3. In other words, for any f(z) = ag + a12 + az2? in P2(R) (with given real coefficients ag, a; and
az), we need to find scalars a, 8 and v (in terms of ag, a1 and ag) such that

f(z) = afi(z) + Bfa(z) + v f3(z),

or equivalently
ao + a1z + azz? = a(1) + Bz — 2) + y(z — 2)2

After grouping terms in the right-hand side above, we obtain that
ap + a1z + agx® = (o — 2B + 4y) + (B — 47)x + vz

The left- and right-hand side polynomials being equal means that they must match in their respective coeflicients.
Thus:
ag = o — 20 + 4y
a1 =p—4y
az =7
We thus have a linear system with three equations in the three unknowns «, 8 and «. Solving this system yields
that
v =ay
B =a1+ 4y = a1 + 4as (4)
a=ag+28—4y =ag + 2(a1 + 4az) — 4(az) = ap + 2a1 + 4as
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Thus f(x) = ag + a1z + azz? in P2(R) can indeed be written as a linear combination of fi(x), fa(z) and f3(z):
f(@) = (a0 + 2a1 + daz) /1 (2) + (a1 + daz) f2(2) + az fa(x)

and {f1, f2, f3} is a generating set for P2(R). Hence B = (f1, fo, f3) is a basis for P (R).
b) Since basis B = (f1, f2, f3) for P2(R) has three vectors, then Py (R) has dimension 3.

¢) The polynomial f(z) =9+ x + 322 has coefficients ag = 9, a; = 1 and ap = 3. Then directly using these values
in (4) yields the coordinates of f(z) = 9 + 2 + 322 in the basis B = {f1, f2, f3}:

7:@2:3
B:a1+4a2:1+4(3):13
a=ap+2a; +4as =9+ 2(1) +4(3) =23

Thus the coordinate vector of f(x) =9 + x + 322 under the basis B = (f1, fa, f3) is

(aaﬁ7V)B = (23, 13, 3)5
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